TAI LIEU HINH HOC LGP 11

0 CHUGNG | : PHEP DGI HINH VA PHEP DONG DANG TRONG MAT PHANG

§1. MO PAU VE PHEP BIEN HIiNH

A. PHEP BIEN HiNH
= Phép bién hinh (trong mit phiing) 1a mét quy tic d€ véi mbi di€ém M thude mit phidng, xdc dinh duge mot
diém duy nhit M’ thudc mit phing Ay, Diém M’ goi la dnh cia diém M qua phép bién hinh dé.
= Néu di€m M’ 14 dnh ctia diém M qua phép bién hinh F thita viét : M’ = F(M) hoic F(M) = M”,
» P& chitng minh hinh H’ 12 dnh ctia hinh H qua phép bién hinh F ta ¢6 thé€ chitng minh :

VéidiEmMtlyy,MeH < M'=FM) e H’
® Phép bién hinh bi€n mdi diém M cia mit phing thinh chinh né dude goi 1a phép ddng nhat,
B. PHEP DGI HINH
* Phép ddi hinh 14 phép bién hinh khéng 1am thay ddi khodng cdch giita hai diém b4t k¥,
* Phép d&i hinh bi€n ba di€m thing hang thanh ba diém thing hing va khéng 1am thay déi thit tr ba di€m
d6, bién mét dudng thing thanh dudng thing, bién mét tia thanh mét tia, bién mdt doan thing thanh doan
thing bing né, bién mot tam gidc thanh tam gidc bing né, bi€n mét dudng trdn thanh dudng tron c6 cling
bdn kinh, bi€n mét géc thanh gée bing né.
» Néu thire hién lién ti€p hai phép ddi hinh thi dugc mét phép d&i hinh,

§2. PHEP TINH TIEN
1) PINH NGHIA
Cho vectd u, phép tinh ti€n theo vects u, ky higu Ia T., 12 phép bién hinh bi€n mi di€m M thanh mot

diém M’ xdc dinh, sao cho MM' = u, Vectd u dude goi 1 vectd tinh tién,

u »
i T.M)=M < MM =Tu
M© "M
2) BIEU THUC TOA BO
Trong mt phing toa d¢ Oxy cho diém M(x 3 y), U = (a3 b). Goi M'(x’ : y°) = T (M), Khi d6 : {;‘f ? :z

3) TINH CHAT
Néu phép tinh tién bién hai di€ém M va N 1dn ludt thanh hai diém M’ va N” thi M'N” = MN,

§3. PHEP POI XUNG TRUC

1) BINH NGHIA

Cho dusng thing d. Phép bi€n hinh bién mdi di€ém M thuéc d thanh chinh né. bién mdi di€m M khéng
thudc d thanh diém M’ sao cho d 13 dudng trung truc clia doan thing MM dugc goi 1a phép ddi xitng qua
dudng thdng d hay phép déi xiing truc d (k¥ hiéu 1a Dy)

e Nhdn xét : Cho phép d6i xiing truc By, d
2) N&Eu Py(M) = M’ thi By(M’) = M, M
b) NEUM e d thi Dy(M) = M. d : MEb—x—0 % 1w

¢) NéEu Dy(M) =M’ vdi M # M’ thi truc
déi xitng d 13 dudng trung truc cia doan MM”,




2) BIEU THUC TOA BO
Trong mat phﬁng toa d6 Oxy, v6i mdi diém M(x ; y),goiM' =By (M)=(x"3y).
X'=x

y'==y¥

X=—X

Né&u chon d 13 truc Ox, thi: { _
Y=y

, cdon néu chon d 1 truc Oy, thi: {

3) TINH CHAT
Pudng thing d dude goi 13 truc ddi xiing cia hinh H néu c¢é phép d6i xitng truc Py bién H thanh chinh né,
tiic 13 Py(H) = H.

§4. PHEP D01 XUNG TAM
1) BINH NGHIA
Cho diém 1, Phép bién hinh bi€n di€m I thanh chinh né, bi€n mdi diém M khdc I thainh M’ sao cho I 14
trung di€m cia doan thing MM’ dudc goi 1a phép d6i tAm (ky hiéu 13 Py). Piém I dudc goi 1a tim ciia
phép déi xiing d6(tAm d&i xiing).
e Nhin xét :

a) Néu Py(M) =M’ thi Bi(M’) =M. I
by NeuM=1thiM =1 M —%—+— { M’

¢)Néu M =1thilla trung diém cia doan MM”.

2) BIEU THUC TOA PO
Trong mit phing toa dé Oxy, cho di€m I(xo ; yo). Khi dé biéu thic toa d6 ciia phép dbi xiing tAm I bién

i, i) X'= 2X0 -X
di€ém M(x ; y) thanh di€m M"(x” ;y") la 14 |
y'=2y, -y

§5. PHEP QUAY
1) DINH NGHIA
Cho diém O vi géc ludng gidc a. Phép bién hinh bién O thinh chinh né, bién mdi diém M khdc O thanh
di€m M’ sao cho OM’ = OM va géc lugng gidc (OM ; OM’) bling a dude goi 1a phép quay tim O géc quay
a. Piém O duge goi 1a tAm quay, o dudge goi 1a géc quay. Phép quay tdm O géc e ky hiéu la Qo0

~ - ~
2) BIEU THUC TOA BOQ

. . i . X'=Xcoso—ysina M’
a) Anh M’ cia M(Xo ; yo) qua phép quay Qo 1 : M™: .
y'=ycosa+ xsina

» Né&u gée quay 90° thi M’(—y ; x) va néu gbc quay —90° thi M’ (y ; —x).
b) Anh M’ ctia M(xo ; vo) qua phép quay Qo (v6il(a ;b)) la:
N {X'= (x,—a)cosaa— (v, —b)sina+a ')

v'=(y, —b)cosa+(x,—a)sina+b

¢) Phép quay tdm O géc quay o = (2k + 1)7 v6i k nguyén, chinh 14 phép ddi xing tdim O.
d) Phép quay tAm O géc quay o« = 2kn vdi k nguyén chinh 13 phép déng nhat.

§6. PHEP VI TY
1) PINH NGHIA
Cho mét diém O c¢& dinh vA mét s6 k khéng déi, k # 0. Phép bién hinh bi€n mdi di€m M thanh diém M sao
cho OM' =k, OM dudce goi 1a phép vi it tAm O ti s6 k.
2) TiNH CHAT
= Né&u phép vi ty ti s6 k bién hai diém M va N 1dn lugt thanh hai diém M’ va N’ thi:
M'N' = k. MN va M'N" = | k | MN




= Phép vi tu tf s6 k bi€n doan thing thanh doan thing ma dé dai dudc nhin 1én véi | k |, bi€n tam gidc
thanh tam gidc déng dang vd&i i s6 déng dang 14 | k |, bién dudng tron ¢6 ban kinh R thanh dudng tron ¢6
ban kinh | k |R.

= Anh M’ ctia M(xq ; Yo) qua phép vi tu V. v6iL(a; b) 1a : M'(kx, +(1-k)a; ky, +(1-k)b)

§7. PHEP PONG DANG
1) BINH NGHIA
Phép bi€n hinh F dude goi 13 phép déng dang ti s6 k (k > 0) néu véi hai diém M, N b4t ki va anh M", N
tuong ng clia ching ta luén cé6 M’N’ = k MN
e Nhin xét .
» Phép dai hinh 13 phép ddng dang ti s6 k.
» Phép vi tur tf s6 k 12 phép déng dang ti s6 | k |.
» N&u thu'c hién lién ti€p hai phép déng dang thi dugc mét phép déng dang.
2) TINH CHAT
Phép ddong dang ti s6 k bién m6t tam gidc thanh tam gidc déng dang vd8i tam gidc di cho, bién mét dudng
tron ban kinh R thanh dudng tron ban kinh k.R



0 CHUONG Il : PUGNG THANG VA MAT PHANG TRONG KHONG GIAN
QUAN HE SONG SONG

$1. DAl CUGNG VE DPUGNG THANG VA MAT PHANG
I. M3 DAU VE HINH HOC KHONG GIAN
1) Mt phiing
_ Mat hd nudc yén lang, mdt tim guong phing, mit bang, ... nhw 13 mSt phin cia mat phing,
_ Bé biéu dién cho mét phAn cia mat phing ngudi ta thudng v& m4t hinh binh hanh,
_ P& ky hiéu mit phing ngudi ta diing 1 chif c4i dit trong ddu ngoic ( ) : mit phing (P) hoic mp(P) hoac
mp(ABC) hoic cé thé don gidn 13 (P).
2) Tuong quan co bin gitta diém, dudng thing, mdt phin

Ao /S

Piém A Pudng thing a Mait phing (P)
B K¥ higu :
oA AcP®P)vaBe(P)

/ ac (P)

Mot mit phing dude xdc dinh khi bi&t mét trong cdc y&u t& sau :
1) Ba diém khong thing hing.
2) M6t di€m va mot dudng thing khong di qua diém Ay,
3) Hai dudng thing cit nhau.
4) Hai dudng thing song song.

AN A=

Il. CAC TINH CHAT THUA NHAN CUA HINH HOC KHONG GIAN

1) Cdc tinh chat thita nhdn ciia hinh hoc khéng gian

a) Tinh chat 1 : Cé mét va chi mdt dudng thing di qua hai di€ém phén biét cho trudc,

b) Tinh chit 2 : Cé mét vi chi mdt mat phing di qua ba di€m khéng thing hing cho trudc.

3) Cdch xdc dinh mét phing

¢) Tinh ch4t 3 : Tén tai bdn diém khéng ciing nim trén mot mat phing.

d) Tinh chit 4 : N&u hai mat phing phin biét cé mét di€m chung thl chiing ¢é mét dudng thing chung duy
nhat chita tat cd cdc di€m chung cfia hai mat phing dé.

) Tinh ch4t 5 : Trong m&i mit phing, cdc k&t qua di bi&t cia hinh hoc phing déu ding,

2) Mot 56 dinh 1¥ ciia hinh hoc khong gian
a) Pinh 1¥ 1 : (Giao tuy&n ciia hai mat phing)

N&u hai mat phing phin biét 6 mot diém chung thi ching cé
mot dudng thing chung duy nhat chita tit cd cdc di€ém chung
ctia hai mat phing dé.

b) Binh I¥ 2 : N&u m4t dudng thing di qua hai di€m phén biét
cia moét mat phing thl moi diém ciia dudng thing déu nim
trong mat phing dé. mp(a) " mp(f)=a



ll. HINH CHOP

1) Dinh nghia

Cho hinh chép S.A;AsAs..A, thican hiéu
rdng da gide AjAzAs. A, ndm trong mit
phing (P) vd diém S khéng thudc mat
phéng (P).

= Di€m S goi 14 dinh clia hinh chép.

= Pa gidc AjArAs. Ay g0i 1A ddy clia hinh
chop.

= Cdc tam gide SAA;, SAAs, ., SALA,
g0i 14 cdc méat bén cta hinh chdp.,

o Chii y !

_ Hinh chép ¢6 bén mit déu 13 nhitng tam gidc goi 1A hinh tif dién. T1f dién cé tat ca cdc canh bing nhau
goi 14 nt dién déu,

_ Thiét dién ctia mot hinh chép cdt bdi mét mat phing, tiy thude vao vi trf ciia mit cdt, nhin chung 13 mot
da giéc,

IV. MOT VAI DANG TOAN THUGNG GAP
1) Tim giao tuyén ciia hai mdt phdng @ Muén tim giao tuyén ciia hai mat phing ra chi cdn tim hai diém
chung clia ching va vé dudng thing di qua hai di€m d¢.

o Cdch khde !
Giao tuyén theo phiiong :
Néu hai mit phing (o) va (B)

Q PINHLY BS SUNG

c6 mot di€m chung M va lan ac (o)

lugt chita hai dudng thdng song bc(P) s Gy b
song a va b thi giao tuyén cia a//b

(o) va (B) 12 dudng thing ¢ di M e (o)~ (B)

qua M va song song vdiavab,

2) Tim giao digm ciia mot duong thilng va mot mdt phing

_ Muéhn tim giao diém ctia dudng thing d véi mat phing (o), ta tim giao

di€m cia dudng thdng d véi mot dudng thdng d” ndm trong mat phéng S
(o).

_ Néu duong thdng d° chira ¢6 sdn trén hinh vé thi ta tim mat phing (B)
chita dudng thadng d va cit mit phing () réi xdc dinh giao tuyén d” cia
mit phing (o) va mat phAng (B). Khi d6 giao diém I ctia d” va d la giao
diém cta d va mat phing (w).

3) Tim thiét dién ciia hinh chidp cdt béi mdt mdt phdng : Muén tim thiét
dién cta hinh chép cit bdi mot mat phing, ta tim cdc doan giao tuyén cia
mat phing véi cdc mat bén va ddy cila hinh chdép. Pa gidc gidi han bdi
cdc doan giao tuyén nay chinh 12 thiét dién can rim,

4) Chitng minh nhidu dié¢m thdng hang ; Muon chitng minh nhiéu diém c

thidng hang, ta chitng minh chiing cting 14 diém chung ctia hai mét phing

phén biét, réi két luan chiing thang hang trén giao tuyén clia hai mat phing dé.

5) Chiing minh 3 dudng thang dong qui :

_ Muén chifng minh 3 dudng thdng déng qui, ta chitng minh ching khéng déng phing va d6i mot cit nhau.
_ Ho#c tim giao di€m I ctia hai trong 3 dudng thing da cho, sau dé ching minh dudng thing con lai ciing
qua L

thiét dién




$2. HAl PUONG THANG SONG SONG

I. VI TRi TUGNG POI CUA HAI PUGNG THANG TRONG KHONG GIAN

Cho hai dudng thing a va b trong khéng gian. C6 thé xay ra hai trudng hop :
1) avi b khong ciing ném trén mot mdt phing néo cé. Khi dé ta néi ring a va b chéo nhau,

2) a va b ciing ném trén mot mdt phing néo dé. Khi d6 ta néi ring a va b ddng phdng. Theo két qua cia

hinh hoc phang, n€u a va b déng phing thi ¢6 thé xdy ra mot trong ba trudng hop sau :

a)a va bcdtnhau : ¢6 duy nhdt mét diém chung.

b) a va b song song v&i nhau : ciing thudéc mdt méit phang va khong ¢6 di€m chung.
¢)ava b tming nhau : ¢6 hai di€m chung phin biét,

K T VY =y

allb

avabcheonhau amnb=M

o Chu

*» Hai dudng thing goi 13 déng phdng néu ching ciing nim trong mot mat phang.

* Hai duding thing dude goi 1 ehéo nhau néu chiing khong déng phing,

* Hai dudng thing goi 14 song seng néu chiing ddng phing va khong cé diém chung,

o Dink Iy Menélaus :

Gid st duong thang A cit cdc canh (hodc phan kéo dai) BC, CA, AB wrong ing tai cdc diém A’, B”, C’ thi

. A'B BC CA
tacd! — —— ——

A'C BA CB

IIl. HAl PUONG THANG SONG SONG

CAC TINH CHAT VA BINH LY HINH VE MINH HOA
e Tinh chét 1 : Trong khong gian, qua mot o
(
diém ni A1 mot dutsing thing cho trud uaM, M ¢ d )
’em Anam\ ngq’al I?Q : ng zang cho c, . | g =5 & finy nbat
¢6 mdt va chi mdt dudng thang song song S d'//d
véi dudng thing do.
o Tinh chdt 2 : Hai duong thiang phin biét
2 (
cing song song vdi mdt dudng thang thit ba d//A
. o d =d/d
thi song song vdi nhau. e d'// A
e Dink Ij : (vé giao tuyén clia ba mit phang) (@) (y)=a

Né&u ba mit phang doi mdt cit nhau theo ba
giao tuyén phin biét thi ba giao tuyén Aay
hoic ddng quy hodc d6i mot song song.

(B)~(y)=b =2, b, cdong qui
(@) P)=c

Hoic:

(a)n(y)=¢
PByn(y)=br=allblic
(a)n(PB)=a

e Hé gua : Néu hai mat phing cdt nhau 1dn
lugt di qua hai dudng thing song song thi
giao tuyén cda ching song song v&i hai
dudng thing dé (hodc tring vdi mdt trong
hai dudng thing da).

(w)yn(P)=d
d, //d,

d; (o)

d, (B

=d//d, //d,




§3. PUONG THANG SONG SONG VGI MAT PHANG

I. VI TRi TUGNG D8I GIUA BUSNG THANG VA MAT PHANG

Trong khéng gian, giifa dudng thing va mit phing cé ba vi tri fuong d6i :

1) Budng thing song song vdi mat phing : Pudng thing va mit phing khéng cé diém niao chung.
2) Pudng thing cit mit phing : Pudng thing va mit phing chi cé6 mét di€m chung duy nhat.

3) Budng thealng nim trong mit phz"”mg : Pudng the"”mg va mit phfmg cé vo sd diém chung.

[T [T [=7

d // mp() dmp(e) =M d < mp(o)
e Dinh nghin : M6t dudng thing va mét mit phing goi 13 song song véi nhau néu ching khéng cé diém
chung.
II. PIEU KIEN DE MOT PUSNG THANG SONG SONG VG| MOT MAT PHANG

CAC TiNH CHAT VA BINH LY HINH VE MINH HOA

e Dinh I¥ 1 : Néu mét dudng thing d khéng

nim trong mit phing (o) va d song song véi d & mp(e)

mét dudng thing d° nio dé nim trong mit d/i/d = d//mp(c)
phing Eoc) thi dudng thing d song song véi d'c mp(cd)

mat phang (o).

e Dinh I 2 : Cho dudng thing a song song

vdi mp(x). Néu mp(B) di qua a va cdt mp(w) a// mp()

thi giao tuyén clia mit phing (o) va (B) song a c mp(B) —hb/ia

song vdi dudng thing a. mp(e) ~"mp(B)=b

e Hé gud : Néu hai mit phing cdt nhau va

cling song song vdi mot dudng thing thi giao mp(ce) nmp(B) = d'

tuyén ciia chiing cling song song véi dudng d//mp(x) —=d'//d
thang do. d//mp(p)

e Dink I¥ 3 : Cho a vi b 13 hai dudng thing

v b
chéo nhau. Khi dé ¢6 mét va chi mdt mat / ] duy nhat
phing di qua dudng thing niy va song song / M\ b / achéob = I mp(e) {quaM
~

vdi dudng thing kia. /\ /b
“ /

e Chii ¥ : Néu mét dudng thing song song vdi mot mit phing thind song song vdi mét dudng thing nio dé
trong mit phing.

§4. HAI MAT PHANG SONG SONG
I. V] TRi TUONG P8I GIGA HAIl MAT PHANG
Giffa hai mat phing cé ba vi tri tidng déi :
1) Hai mit phing song song : Khéng cé diém chung (khéng cé duding thing chung).




2) Hai mat phing cit nhau : C6 hai diém chung phin biét (cé mot dudng thing chung).

3) Hai mat phing tring nhau ;: C6 3 diém chung khoéng thing hing (¢é 2 dudng thing chung phén biét).

pd

//7\*

O\
mp(P) // mp(Q)

\

mp(P) cdt mp(Q)

mp(P)

=mp(Q)

e Dinh nghia : Hai mit phiing dude goi 1 song song vdi nhau néu chiing khéng cé diém nao chung.

IIl. PIEU KIEN PE HAI MAT PHANG SONG SONG

CAC TiNH CHAT VA BINH LY HINH VE MINH HQA
e Dinh I¥ 1 : Néu mit phing (o) chita hai =g ; Ay b ate)
dudng thing a, b cit nhan vd hai dudng é 1‘/\><<J armb=o
thing ndy cling song song v& mot mit o a /l(B) = () //(B)
phéng (B) cho trudc thi hai mat phing (o) va /’ / b//(B)
(B) song song vd&i nhau. B
e Tink chdt I : Qua mot diém A bat ky cho
trude nAim ngoai mat phing (B) cho trude cé Ae(P) duy nhat
mot va chi mot mat phing (o) song song vdi }: I mp(er) squa A
mat phing (B). D =Ei /1 mp(B)

o I gud I: N&u trong mot mat phing cé hai ac(o);bc(w
dudng thfmg cAt nhau lan lugt song song vai ambzd
hai dudng thing cit nhau clia moét mit a'c(B):b (P
phing khdc thi hai mit phing dé song song a'b = O = (/(P)
vdéi nhau.
alla'
b//b
e Hé qua 2 : Néu dudng thing a song song
véi mit phing (B) thi qua a ¢ mot va chi a2 (P) duy nhat
mot mit phing (o) song song vdi mit phing }:> I mp() < chttaa
(B e I mp(B)
e H¢ gud 3 : Hai mat phing phan biét cling
song song v&i mot mat phing thit ba thi song
song vdi nhau. (PY/(R) } s ®YIQ)
(Q)//(R)
e Tinh chdt 3 : N&u hai mat phing (o) va
(B) song song thi moi mat phing (y) d3 cdt
mp(x) déu phai cdt (B) va cdc glao tuyén mp(c) // mp(B)

cla chiing song song.

mp(v) ~mp(a)=a;=a//b
mp(y) ~mp(B) =b




e Hé qud 4 : Hai mat phing song song chiin
trén hai cdt tuyén song song nhitng doan
thing biing nhau.

()/(B)

(N (@)= AA'L = AB=A'B’

(Y)N(p)=BB

e Dinh Iy 2 : (Dinh 1i Ta-Lét trong khéng
gian)
Dinh 1§ thudn : Ba mit phing déi mot song
song chin trén hai cdt tuyén bat ky cdc doan dn(@P)=A
thing tuong wng i 1¢. dn(@Q=B
Dinh If ddo : Gia st trén hai dudng thing dn(R)=C AB BC CA
chéo nhau d va d” Iin ligt 1y cdc diém A, | L %——& /| 4 p—a [T AB BC CA
B.CvaA’,B’,C saocho: J \ I~Q =B

mlf, W8 CA. Kh d6, ba dudng thing /,g(;'/_\\&(/ d~R)=C'

A'B" B'C CA A

AA’, BB’, CC’ 14n lwdt nim trén ba mat
phing song song, tifc 1a ching ciing song
song vdi mdt mat phing.

§5. PHEP CHIEU SONG SONG

Trong khéng gian cho mp(a) va dudng thing A cit mp(a).

Vdi mbi di€ém M trong khong gian ta dung dudng thing qua M va
cling phuong vdi dudng thing A, dudng thing nay cit mp(a) tai M’
Ta ¢ phép chi€u song song 1én mp(w) theo phudng cia dudng thing A

_ Mat phing () goi 12 mat phing chi€u.
_ Phuong ctia A goi 1a phudng chiéu.

_ M’ 14 hinh chiéu ctia M trén mp(a) theo phwong dudng thing A.

e Dinh I§ 1 : Phép chi€u song song bi€n ba diém thing hang thanh ba diém

thing hang va khong lam thay déi thi tw clia ba diém do.

e [1& qua : Phép chi€u song song bi&n dudng thing thanh dudng thing, bi€n tia

thanh tia, bi€n doan thing thanh doan thing.

XX

V& \/
an

CAC TINH CHAT

HiNH VE

HiNH VE

e Tinh chdt 1 : Phép chi€u song song bi€n
hai dudng thing song song thanh hai dudng
thing song song hoac triing nhau.

e Tinh chdt 2 : Phép chi€u song song khong
lam thay ddi ti s6 do dai ciia hai doan thing
nim trén hai dudng thing song song hoac
cling niim trén mét dudng thing

AB_A'B
cD CD




0O CHUGNG lll : VECTG TRONG KHONG GIAN - QUAN HE VUONG GOC

§1. VECTG TRONG KHONG GIAN. SU PONG PHANG CUA CAC VECTO
I. GOC GIGA HAI PUGNG THANG BAT Ki TRONG KHONG GIAN
1) Vecto chi phuong ciia duong thing : Vectd u+0 dude goi 1 vectd chi phuwdng ctia dudng thing d néu
gid cia vectd 1 song song hoic triing v&i dudng thing d.
e Nhdn xét :
_ Né&u u 14 vectd chi phrdng ciia duedng thing d thivectd ku (k # 0) cling 14 vectd chi phwdng ciia d.
_ M6t dudng thing d trong khéng gian dige hoin toin xdc dinh néu biét mét diém A thude d va mét vectd

chi phwong u ciia né.

_ Hai dwdng thing song song v4i nhau khi va chi khi chiing 13 hai dudng thing phin biét va ¢ hai vectd
chi phudng cliing phudng.

2) Géc gifia hai duong thing : Géc giita hai dudng thing a, b bit ki trong khéng gian dwde k¥ hiéu (a , b)
hay (b, a)1d gbc giita hai dudng thing a’, b’ cliing di qua m&t di€m va 14n lwdt song song v8i a va b.

o Nhin xét :

_Néu G v lan lwdt 14 cdc vectd chi phudng cia hai dwdng thing a, b va (ﬁ;) = o thl géc gitta hai dudng
thing a va b bing o n&u 0° < o < 90° v biing 180° — « néu 90° < o < 180°, N&u a va b song song hoic

triing nhau thi géc giita chiing bing 0°.

. 7 ’ " - i - . i 3 - = uv
_ Pé tinh géc gita hai vectd 1 va v ta dya vao cong thic : cos(u , ): r”Tl
uf{v

x 2 = P
§2. HAl PUONG THANG VUONG GOC
II._HAI DPUGNG THANG VUONG GOC
e Dinh nghia : Hai dudng thing a va b goi 12 vudng géc v8i nhau né&u géc giita ching bing 90°. Néu ava b
14 hai dudng thing vudng géc véi nhan, taky hiéua L b. Nhwvdy:alb < (a,b)=90° < uv=0
e Nhdn xét : Mudn chitng minh hai duSng thing a va b vudng géc vdi nhau ta cin tim cdc vectd chi phwdng

ﬁ, v ctia m3i dwdng thing dé va ching minh wv=0.

IIl. LIEN HE GIJA QUAN HE SONG SONG VA QUAN HE VUONG GOC CUA HAI DUSNG THANG

e Dinh Iy : Cho hai dudng thing song song, Pudng thing nio vubng géc v&i dudng thing th@ nhAt thi ciing
vubng géc v8i dudng thing thithai. (a /b vi cLla = cLb)

e Chiiy.

1) Hai dudng thing vudng géc trong khéng gian thi hoac ¢it nhau hodc chéo nhau,

3) Trong mat phing, hai dwdng thing phin biét cling vudng géc véi mét dudng thing thit ba thi song song
v&i nhau, nhung trong khéng gian, hai duSng thing phin biét ciing vudng géc vdi mét dudng thing thit ba
thi khoéng phdi khi nao ciing song song v&i nhau,

$3. PUONG THANG VUONG GOC VGI MAT PHANG

CAC PINH LY HiNH VE MINH HOA
e Dinh Iy 1 : NEu dudng thing a vudng géc
v48i hai ddng thing b, ¢ cit nhan nim trong alb,alc
mat phing (P) thi a vudng géc véi moi b,cc(P) t=ald,vdc(P)
dwdng thing d n¥im trong mp(P). T

e Hé gud : Nén mét dudng thing vudng géc
al AB
al AC

v3i hai canh cia m&t tam gidc thi ciing

vudng géc vdi canh thit ba,

}:aJ_BC




e Tinh chét 1 . C6 duy nhat mot mat phing
(P) di qua mdt diém O cho trude va vudng
g6c v8i mot duding thing cho trude.

diém O, A cho trudc
dmp(P)qua Ova mpP) L A

o Tinh chdt 2 : C6 duy nhit mot dudng
thing A di qua mét diém O cho trude va
vuong géc véi mdt mit phang (P) cho trrde.

diém O, mp(P) cho tritde
JAquaOva AL mp(P)

e Miit phing trung triic ctia mot dogn thing
Mit phing trung trire clia doan thing AB 1a
mét phing vuéng géc véi AB tai trung diém
O ciia doan thing AB.

Ola trung diém doan AB
mp(P) L ABtai O.

o Tinh chét 3 : allb
S " , o s i —mp(P)Lb

a) Mat phang ndo vubng géc vdi moét trong mp(P)La
hai dudng thing song song thi cling vuéng ‘
g6¢ véi dudng thing con lai. / | ! almp(P)
b) Hai dudng thing phin biét cling vuéng /i ' i’ bLlmpP) > =a//b
g6c v6i mot mat phing thi song song véi [ adb
nhau.

" >y |
. Tmh\ckat 43. ) ) o . mp(P)// mp(Q)
a) Dudng thing ndo vudng géc vdi mot a L mp(P) —almp(Q)
trong hai mit phing song song song thi ciing P
vubng gée véi mat phdng con lai. mpP)La
b) Hai mit phing phin biét cling vudng gée mEQ) La —mp(P)/mp(Q)
véi mét dudng thing thisong song vdi nhau.

T e s e mp(P) # mRQ)

. E!.’L@f_s5 , . a//mp(P)
a) Cho dufng thang a va mp(P) song song =bla

3 9 2 5 x g b L mp(P)
v nhau. Pudng thang nao vuéng géc vadi
mp(P) thicling vubéng géc vdi a.
b) Néu mot dugng thing vd mét mit phing aZ mp(P)

(khoéng chifa dudng thing dé) cling vuoéng
géc v6i mét dudng thing thi ching song
song véi nhau.

alb = a//mp(P)
mp(P) L b

s Dinh I¥ ba duong vudng géc

Cho dudng thing a khéng vubng géc véi
mp(P) va dudng thing b ndm trong mp(P).
Khi d6, diéu kién can va di dé€ b vudng géc
v6i a 12 b vubng géc véi hinh chi€u a’ clia a
trén mp(P).

b < mp®) va a’ 1a hinh chiéu
ctia a trén mp(P)). Néu :
sbla=>bla

sbla = bla

e Gdc giite dudng thdng va mdt phdng

Cho dudng thing a khéng vubng géc véi
mp(P). Géc giita dudng thing a va mp(P) 14
gbe giifa dudng thing a va hinh chi€u a’ clia
né trén mp(P).

*(a,mpP))=(,a’)
0 0° <(a, (P))<90°

o [alip)
®(a,(P)=0"= LC(P)

o(a, (P)=90°<a | (P)




§4. HAI MAT PHANG VUONG GOC

CAC PINH NGHIA - BINH LY —HE QUA

HINH VE

MINH HOA

e Dinh nghia : Géc gita hai mat phing 13
géc gitta hai dwdng thing 14n lugt vudng géc
v8i hai mat phing dé.

almp(P)

bme(Q)}i‘(a,b):((P),(Q))

i ° 0°< (P, Q) <90°
(PY/(Q)
f P; =0& {
e NN
= ¢P.Q=%° = P)L(Q
e Dinh Iy 1 : Néu mdt tam gidc ¢é dién tich ¢ 8" = Sioosi

S thi hinh chiéu ctia né cé dién tich S' bing
tich cia S vd8i cosin cia géc ¢ gitta mat
phéng cia tam gidc va mat chiéu.

S la dién tich cia AABC, §' la
dién tich cia AABC' la hinh
chiéu ciia AABC trén mp(P) va ¢
l1a géce gitta mp(P) va mp(ABC)

e Dinh Iy 2 : Néu mot mat phing chita mot
dwong thing vudng géc véi mot mat phing

khéc thl hai mat phing dé vubng géc vdi a  mp(P)
= mp(P) L mp(Q)

nhau, a1 mp(Q)
e Dinh Iy 3: Néu hai mit phing vudng géc
v8i nhau thi bit ¢ dudng thing nio nim mp(P) L mp(Q)
tr.ong niét p\hé"inng néy’ va ’\Ifu’c‘)jlg %c’)c 7761 mp(P) ~mp(Q) =c¢ 5 Q)
giao tuyé&n thi vudng géc v3i mat phang kia. a c mp(P)

alc
e Hé qud 1 : N&u hai mat phing (P) va (Q)
vudng géc v4i nhau va A 13 di€ém nim mp(P) L mp(Q)
tr%F mp)(P) t,h.i dudng tEﬁng a di qua A va A emp(P) =3 Bt RS
vudng géc v8i mp(Q) s€ ndm trong mp(P). A

a L mp(Q)
o Hé gud 2: Néu hai miat phing cdt nhau
va cling vubng géc véi mot mat phing thit mp(P)~mp(Q)=a
ba thi giao tuy&n ciia hai mat phing dé ciing mp(P) L mp(R) =almpR)
vudng géc v38i mat phing thit ba. mp(Q) L mp(R)
e IIé gqud 3 : Qua mdt dudng thing a
khong vudng géc vdi mp(P) cé mét va chi ac mp(Q)

m&t mp(Q) vudng géc v38i mp(P),

2 Y mp(Q) } = 3lmp(P) L mp(Q)




§5. KHOANG CACH

CAC DINH NGHiA - PINH LY — HE QUA HiNH VE MINH HOA
o Khodng cdch ti mot diém dén mot duong
thang o o M o M8 08 bt sovvdil Bhohig
Che ('1'1(?1:51 M w2 dudng thang A Gl H,, H cdch tit M dén moi diém ciia A,
hinh chiéu ciia M 1&n A, B dai doan Ehéng ST =T &5 WO e
MH duge goi 12 khodng cdch tir diém M H-: 2

dé&n dudng thing a.

o Khodng cich tir mét diem dén mdéi mdi
phing

Cho diém O vi mp(P). Goi H 14 hinh chi&u
cia O 1én mp(P).

D6 dai cda doan thing OH dugec goi la
khodng cdch tir O d&€n mp(P)

e MH 13 nhé nhat so v8i khodng
cich tt M dén moi di€m cila

mp(P)
eMH=0 < Me mpP)

o Khodng cdch gitia duong thing va mit
phidng song song
Khodng cich giita dudng thing a va mp(P)

song song vdi a la khodng cdch tit mét diém
nio dé cia a d&€n mp(P).

Néu a // mp(P)
thid(A ; (mp(P)) = d(B ; (mp(P))

o Khoing edch giita hai_mdit phing song
son
Khodng cich giita hai mit phing song song

12 khodng cdch tit mot di€m bat ky cia mat
phing niy d&€n mat phing kia.

Né&u mp(P) #/ mp(Q)
thi d(mp(P) ; mp(Q)) =
=d(A; (mp(Q)) = d(K ; (mp(P))

o Duong vuong odc chung ciia hai diiong
thing chéo nhau a vé b
Pudng thing ¢ citcd a va b ddng thdi vudng

gbéc v8i cd a va b nén dudng thing ¢ 1a
dudng vudng géc chung cia hai dudng thing
chéo nhauava b,

cma=1
N&u ¢ la=]
grb=l
clb=1

thi ¢ la dwdng vudng gée chung
clia hai dudng thing chéo nhau a
va b,

o BDoan vudng géc chung ciic ha dudng

thiing chéo nhau.
Néu dudng vudng géc chung cidt hai dudng

thing chéo nhau tail va J thi doan thing IJ
goi 12 doan vudng géc chung cia hai dudng
thing.

Ula
OLlb

chung cia hai dudng thing chéo

} =>1J 12 doan vubng géc

nhauavab.

e Khodng cdch gitta hai duong thing chéo
nhau
Khodng cdch gita hai duSng thing chéo

nhau 14 dd dai doan vudng gdéc chung cia
hai dudng thing dé.

ava bchéonhau = [J=d(a;b)
=d(a ; mp(Q)) =d(b; mp(F)) =
=d(mp(P) ; mp(Q))

(1J 13 doan vudng géc chung ciia
hai dudng thing a, b)




