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TAI LIEU ON TAP GIUA HQC KY I

Mon toan lop 11

¢

o Chuwong I: Ham s6 LG — Phuwong trinh LG

@

° KIEN THUC TRONG TAM

I. Gié tri lwgng giac caa goc lwgng giac
1. Pon vi do goc va cung tron

Lién hé gitr d6 va rad

360° =27 (s6 do dudng tron ban kinh R)

180 =57°17'45"
V/d

=180°=7 rad=1rad =

1°= z rad =0,0175 rad
180

2. Hé thire lwgng giac co ban

1. tang = N4 a+LikrkeZ 5. 1+ cot’ o = 12 (a#kmkeZ)
cosa 2 sin“ «
T
2. cota=c?sa(a¢k7z,kez) 6. tana.cotazl(a;tk—j
Sina 2
-2 2
3. sin“a+cos’ =1 2 cota = 1 (aik—”)
tan o 2
2 1 4
4. 1+tan" a=— (a¢—+k7z,kezj
cos“ « 2
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3. Hé thrc lién hé giira cac cung dac biét

1. Cung dbi nhau (o va —a) 2.Cung bunhau (a va r—a)
sin(—a)=—sina sin(z—a)=sina
cos(-a)=cosa cos(z—a)=—-cosa
tan(—a)=—tana tan(z—a)=—tana
cot(—a)=—cota cot(z —a)=—cota
. T , T . T
3. Cung phu nhau (a va E—a) 4. Cung hon kém % (a va E+a)
. T . T
sin| = —a |=cosa sinl| =+a |=cosa
5 b

T . T .
cos| = —a |=sina cos| —+a |=—sina

2 2
tan z—05 =Cota tan £+a =—Cotox

2 2
cot Z—a =tana cot £+a =—tana

2 2
5.Cunghonkém 7 (o va 7+a)
sin(r+a)=-sina
cos(7+a)=—cosa
tan(7+7)=tana
cot(z+a)=cota

I1. Cong thire lwong giac

1. Cong thirc cong

cos(a+b)=cosacosh-sinasinb tan(a+b)zw
1-tanatanb
cos(a—b)=cosacosh+sinasinb tan(a—b):M
1+tanatanb
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sin(a+b)=sinacosh+cosasinb cot(a+b):COtLOtb_1
cotb+cota
sin(a—b)=sinacosb—cosasinb cot(a—b)zcc’tLOtb_1
cotb—cota
2. Cong thirc nhan déi, nhan ba, ha bac
a. Cong thirc nhan doéi
sin2a=2sinacosa cos2a=cos’a—-sina=2cos’a—-1=1-2sin’a
2
tan 2a:2thfl cot2g = cora-l
1-tan“a 2cota
b. Cong thirc nhan ba
sin3x = 3sin x —4sin® x c0s3x = 4¢c0s> x —3¢0s X
_ 3
tan 3x — 3tan x ta;n X
1-3tan“ x
c. Cong thirc ha bac
. , 1-cos2a ,  1+cos?a
SINta=— cos‘a=———
2 2
9 1-cos?2a 2 1+cos?2a
tanfa="—-—""- cotlg=—_—_—""°%
1+cos2a 1-cos?a
3. Cong thirc bién tong thanh tich
— sin(a+b
cosa+cosb:2cosa—ercosa—b tana+tanb:¥
2 2 cosacosh
— sin(a-Db
cosa—cosa=—25inaLbsina—b tana—tanb:(—)
2 2 cosacosb
b sin(a+b
sina+sinb=25in"Jl—ijcos‘;’l—b cota+cotb:¥
2 2 sinasinb
. ) . a-— sin(b—a
sina—sinb= 2cosa—+bsma—b cota—coth= ﬁ
2 2 sinasinb
4. Cong thirc bién tich thanh tong
. 1-. . . . 1
sin acosbzz[sm(a—b)+sm(a+b)] sin asmbzz[cos(a—b)—cos(a+b)]

cosacosb:%[cos(a—b)+cos(a+b)]
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I11. Ham s6 lwong giac
1. Ham sé sin

+ Tap xac dinh: R.
+ Tap gia tri: [—1;1] ,conghiala —1<sinx<1,VxeR.

+ Ham s tuan hoan véi chu ki 27z, c6 nghia sin(x+k2z)=sinx véi k e Z.

+ Ham sé dong bién trén mdi khoang (—%+k27r;%+ k27z) va nghich bién trén mdi khoang
T 3z
—+k2m,—+k27 |, keZ.
2 2

+ y =sinx 1a ham sé 1&, 6 thi ham sb nhan géc toa dd O 1a tam dbi xang (Hinh vé dudi day).

1 f(x) = sin(x)

2. Ham sé cosin

+ Tap xac dinh: R .

+ Tap gia tri: [-1;1], co nghia la -1<cosx<1,VxeR.

+ Ham s6 tuan hoan véi chu ki 27, ¢6 nghia cos(x+k2z)=cosx véi ke Z.

+ Ham sé dong bién trén mdi khoang (—r+k2z;k27) va nghich bién trén mdi khoang
(k27z;7z+k2ﬁ),keZ.

+ y =cosx la ham sé chin, d6 thi ham sé nhan truc Oy la tryc dbi xing (Hinh v& dudi day).

3. Ham sé tan

+ Tap xac dinh: R\{%+ k7r|k € Z}

+TépgiatrilaR.
+ Ham s tuan hoan véi chu ki 7, c6 nghia tan(x+kz)=tanx,(k € Z).

+ Ham s6 dong bién trén mdi khoang (—%4‘ k7r;%+ kﬂj’(k €Z).
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+ y=tanx 1a ham sé I¢, d6 thi ham sb nhan gdc toa @6 O lam tdm dbi xang va nhan mdi duong
thing x :%+ krz,k € 7 lam duong tiém can. (Hinh vé duéi day)

Y f(x ‘: tan(x)

N
N A
O
NN
|
X!

4. Ham s6 cotan

+ Téap xac dinh: ]R\{kﬂ'|k € Z} .
+Tapgiatrila R.
+ Ham s6 tuan hoan véi chu ki 7, c6 nghia cot(x+kr)=cotx,(k € Z).
+ Ham sé nghich bién trén mdi khoang (kz; 7 +kr),k € Z.
+ y=cotx la ham sb I¢, b thi ham sb nhan géc toa d6 O lam tdm dbi xtng va nhan mdi duong
thang X = kz,k € Z1am duong tiém can (Hinh vé dudi day).
! ! y !

f(x):j otan(x)

IV. Phwong trinh lwong giac

1. Phwong trinh sinx =a (1)
+ Néu |a| >1= Phuong trinh (1) v6 nghiém do [sinx| <1 vxeR.

+ Néu |a| <1, khi d6 x4c dinh « sao cho a=sina
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X=a+k2r

Phuong trinh sinx:a<:>sinx:sina<:{ (keZ).

X=r—-a+k2r

+ Truong hop dac biét:

sinx:1<:>x:%+k27r,keZ.

sinx:—1<:>x:—%+k27z,keZ.

sinx=0< x=kr,k eZ.
2. Phwong trinh cosx=a (2)
+ Néu |a| >1= Phuong trinh (2) v6 nghiém do |cosx|<1,Vx € R.
+ Néu |a| <1, khi d6 xé4c dinh & sao cho a=cosa

X=a+k2r ,(keZ).

Phuong trinh COS X = a <> COS X = COS r <>
X=—a+k2r

+ Truong hop dac biét:
cosx=1<x=k2r,k eZ.

cosx=-1<x=r+k2rz,k eZ.
7
cosx:0<:>x:5+k7r,keZ.
3. Phuong trinh tanx =a (3)
biéu kién xac dinh: X?ﬁ%-i-kﬂ'(k €Z).

Khi d6, xac dinh  sao cho a=tanc.

Phuong trinh (3): tanx=a < tanx=tana < x=a +kz(k € Z).

+ Truong hop dac biét:

tanx=0< x=kr,k eZ.

tanX=1<Z>X=%+k7T,kEZ.

tanx:—1<:>x:—%+k7z,keZ.
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4. Phwong trinh cotx=a (4)
Diéu kién xac dinh: x = k;r(k € Z) .
Khi d6, xac dinh « sao cho a=cota.

Phuong trinh (4): cotx=a < cotx=cota < x=a+kz(k e Z).

+ Truong hop dac biét:

cotx=0<:>x:%+k7r,keZ.
T
COtX=1<:>X=Z+k7z',keZ.

cotx:—1<:>x:—%+k7z,keZ.

° MOT SO DANG BAI THUONG GAP

/ Dang 1. Xac dinh dau va tinh toan céac gia tri lwong giac cia goc lwong giac

Phwong phap gidi:

- Dya vao duong tron luong gide xac dinh dau cia ca gia tri luong giac

G6c phan tu
Giatr I I Il v
lwong giac
cosa + - _ N
sina + + — _
tana + - + _
cota + - + _

Bdng xdc dinh ddu cria cac gia tri lwong giac

Qu d6, 4p dung cac hé thirc lugng giac co ban dé tinh toan cac gia tri luong giac con y
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Vidul » Cho cosx= %(—% <X< 0). Tinh gia tri cua cac gié tri lugng giéc con lai.

Loi giai:

Vi —%<x<0:>sinx<0

2
Taco sin® x+cos? x =1= sin® x =1—cos? x:l—[ij _1
J5) 5

:>sinx=—i (vi sinx<0).

J5
1
tanx:ﬂzT‘/gz—%
Khi do, cosx 2
5
Cotx = —— =2
tan x

Vay sinx:—i;tanx:—%;cotx:—z.

N3

Vidu?2 » Biét tana =2 va 180° < a < 270°. Tinh gia tri cia biéu thirc sina +cosa .

Loi giai:

Do 180° < < 270° nén cosa <0.

L 1 1 1 1,
Taco cos” a = — = > =—=>C0Sa =——=(VI cosa <0)
l1+tan’a 142> 5 J5
Suy ra, Sina =tana -cos« —2'(—ij——i
’ J5) B

Do d6, sina +cosa =—¥.
, Dang 2. RGt gon biéu thire lwgng giac N

Phwong phap giai:

Ap dung cac hé thie luong giac caa cung dic biét va cac cong thic luong gidc (nhan doi —
X nhan ba, ha bac, cdng thtrc cong, bién di tong thanh tich — tich thanh tong) )
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Vidul » Rutgon biéu thic D:sin(s?”—a]+cos(l37z+a)—35in(a—57r).

Loi giai:

D =sin 5?7[—05)+cos(137z+a)—35in(a—57z)

D =sin 27z+%—a)+cos(2-67z+7z+a)—35in(72—a—3~27z)

D =sin %—a]+cos(;r+a)—35in(;r—a)

D=cosa—-cosa +3sina
D =3sina.

Vidu2 > ROt gon biéu thic

_ cosa+2cos3a+cosba
sina+2sin3a+sin5a |

a. P

b. Q =c0s68°c0s 78°+c0s22°c0s12°—c0s10°.

Loi giai:
_ cosa+2cos3a+cos5a
sina+2sin3a+sin5a

a. P

B (cosa+cosb5a)+2cos3a
B (sina+sin5a)+2sin3a

_ 2cos3acos2a+2cos3a
~ 2sin3acos2a+2sin3a
_ 2cos3a(cos2a+1)
- 2sin3a(cos2a+1)

~ cos3a
sin3a
P =cot 3a.

b. Q =c0s68°c0s78°+cos22°c0s12°—cos10°

Q =05 68°c0s 78°+ c0s(90° —68°) cos (90° - 78°) — cos10°
Q =c0s68°cos 78° +sin68°sin 78° — c0s10°

Q =cos(68°—78°)—c0s10°

Q =cos(—10°)—cos10°

Q =c0s10°—cos10°

Q=0.
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Dang 3. Tim diéu kién xac dinh, chu ki va tinh chin I¢

ciia ham sé lwong giac

Phuwong phap gid:

+ Piéu kién xac dinh:
- V6i ham s6 y = tanx c6 diéu kign x¢%+k7z,(k eZ).
- Vé6i ham sé y =cotx c6 diéu kién x = kr,(k € Z).

. f x 2
- Véi ham so chtra phan thic y = L thi mau s6 g(x) 0.

9(x)

- V6i ham sé chira can thue y =,/ f (x) thi f(x)>0.

N—"

+ Chu ki ctia ham s6 lugng giac
-Hamsé y =sinx;y=cosx co chukila T =2x.
-Hamsd y=tanx;y=cotx cochukila T =7
-Néuhamsd y=f(x) cochukila T thihamsd y=g(x)=f (kx)(véi k =0)

o6 chukila T/= .

k|
+ Tinh chin Ié cua ham s6 lugng gi4c

- Ham s chan Ia ham s6 thoéa man tinh chat: f (-x)= f (x),V—x;x e D.

- Ham sé 1¢ 1a ham s6 thoa mén tinh chéat: f (-x)=—f (x),V—-x;x e D.

- Ham s6 y = cosx la ham sé chan.

-Hamsé y =sinx;y=tanx;y =cotx la ham sé lé.

Vidul » Tim tap xac dinh ciia cac ham sé sau:

a. y=sinyx+4. b. y=1+_tanx-
sin x
C. y=+3—2C0sX. d. y:cot(3x+£j+ t_an2x .
6/) sinx+1

Léi giai:
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a. Diéu kién xac dinh: x+4>0< x> 4.

Vay tap x4c dinh ciia ham sb 13 D =[—4;+%).

T T
x;tEJrkyz,(keZ)c> X¢E+k”(keZ)<:>X¢k%,(keZ)

sinx=0 X#km

b. Biéu kién xéc dinh:

Vay tap xéc dinh ciia ham sé 13 D =R\{k%| k ez}.

c. Biéu kién xac dinh: 3—2c0sx >0 <> cosx < g (ludn dung vi |cos x| <1).

Vay tap xac dinh ciaham s 1a D=RR.

3+ L 2k L
6 12 3
A ‘A , . T T T
d. biéu kién xac dinh: 2X¢E+kﬂ,(k SYARSS X¢Z+k5 (keZ)
sinx -1 x¢—%+k27r

Vay tap xac dinh ciia ham s 1a D:R\{—£+kf;f+k1;—f+k2ﬂ|kez .
12 3 4 2 2
Vidu2 > Timchu ki (néu co) cua cac ham sé sau:
a. y=1-sin5x. b. y=cos®x—1.
. (2 2
c. y =sin| £xJ-cos| Zx . d. y:cosx+cos(J§x).

Loi giai:
2 oA . A N N 2r
a. Ham so y =1-sin5x tuan hoan va co chu ki T, = =

27

cos2x-1 . . . s
———— tuanhoanvaco chuki T, = - =7

b. Ham s6 y =cos? x—1=

c. Ham sb y=sin(gx -cos(gx _Lsin[2x] tuin hoan va c6 chu ki T3=2—”=
5 57) 275 4
)

d. Himsb y = cosx+cos(J§x) khéng tuan hoan
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Vi ta ¢6 ham s6 y =cosx c6 chu ki T, =27 va ham sb y:cos(\/§x) co chu ki T, :% nhung

khong ton tai boi s6 chung nhé nhatciia T, =27 va T, = 2z
J3

Vidu3 > Xéttinh chin lé cia cac ham sb sau:
a. y =tanx+cotx. b. y=sin(2x+97”].
sin®®" x + 2020
C.y= nez.
COS X
Loi giai:

a. Tap xac dinh: D:R\{%WGZ} la tap d6i xtmg do d6 ¥x e D= —x e D.

Taco VxeD: f(—x)=tan(-x)+cot(—x)=—tanx—cotx=—(tan x+cotx)=—f (x)

Do d6 ham so da cho 1a ham so 1é.

b. Tap x4c dinh: D =R la tap dbi xtng do d6 Vx e D = —x e D.
Nhan xét: f (x)=sin (2x+ 97”) =sin (ZX +%] = COS 2X.

Taco VxeD: f(-x)=cos(-2x)=cos2x = f (x).

Do d6 ham sb d3 cho 1a ham sb chan.

c. Tap xac dinh: D=R\{%+kﬂ'|k€2} la tap d6i xtmg do d6 ¥x e D= —x e D.

sin®™" (=x) = (—sin x)2020n =sin®*" x,vn e Z\{0}

+ Nhan xét:
{cos(—x) = COS X

sin”?”" (-x)+2020  sin®" x+ 2020
cos(—x) B COS X B

DodéVxGD:f(—x)z f (x)
= Ham s6 la ham sé chin véi Vn e Z\{0}.

+V6i n=0 thi Sin™" x=1.Do d6 YxeD: f (~x)= ek __ 2021 _
cos(—x) cosx

f(x)

= Ham s6 1a ham sb chén vaéi n=0.

Vay ham sb da cho 1a ham s chdn VneZ.
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/ Dang 4. GTLN — GTNN ciia ham s6 lweng giac \

Phuwong phap gidi:
Mot s6 chi y vé GTLN — GTNN cua ham sé luong giac

.\ —1<sinx<1 -1<cosx<1l 0<sin’x<1
—1<-sinx<1 -1<-cosx<1l 0<cos’x<l
T;ﬁ(f(x):f(b)

min f (x)=f (a)

[aib]

+Hamsd y=f (x) ludn ddng bién trén doan [a;b] thi

r{;%i(f(x): f(a)

\ SR
Vidul » Timgiatri 16n nhat, gia tri nho nhat cua cac ham sé sau:

a. y=4sinxcosx+1 b. y=4-3sin®2x

+Ham sé y = f (x) ludn nghich bién trén doan [a;b] thi

Loi giai:
a. Tacod y=2sin2x+1.

Do —1<sin2x<1=-2<2sin2x<2=-1<2sin2x+1<3
=-1<y<3.

* y:—1<:>sin2x:—1<:>2x:—£+k27z<:>x:—%+k7r.

* y:3<:>sin2x:1©x:%+k7z.

Vay gié tri 16n nhat cua ham sb bang 3, gia tri nho nhét bang 1.
b. Tacd: 0<sin*x<1=1<4-3sin*x<4

* y=1<:>sin2x=1<:>cosx=0©x:%+k,;_

*y=4osin’x=0< x=kr.
Vay gia tri I6n nhat caa ham sb bang 4, gié tri nho nhat bang 1.

Vidu2 » Timgiatri nho nhat va gia tri 16n nhat cia ham s6 y =4+/sinx+3-1.
Loi giai:
y=f(X)=4sinx+3.

C6 —1<sinx<1
< 2<sinx+3<4
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o2 <sinx+3<2
A2 -1<4sinx+3-1<7.

CO 4+/sin x+3—1:4«/§—1<:> x=—%+k27z; 4sinx+3-1=7 < x:%+k27z.

7.

Vay rIllﬂgl f (x)=4\/§—1, max f(x)

Dang 5. Phwong trinh luwgng giac co ban

Phwong phap giii:
Ap dung cdng thiic nghiém ctia cac phuong trinh luong gidc co ban.

Vidul » Giaicac phuong trinh lugng giac sau:

a. sinx=——3. b. cos(2x+50°):1.
2 2
c. tan®x =1. d. tan4x-cot2x =1.
Loi gii:
a. sinx:—ﬁ
. . T
& sinx=sin| -=
-3)
x=—24k2r
o 43 (kez)
x:?ﬂ+k27r

Vay tap nghiém ctua phuong trinh 1a S = {—% + k27r;4?7z+ k2z |k e Z}.

b. cos(2x+50°) =

N~

<> €0s(2x+50°) = cos60°
2X+50°=60°+k360°

= {2x+50° — —60°+ k360°
{X =5°+k180°

= ,( IS Z)
X =-55°+k180°

- Trang | 14 -
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Vay tap nghiém ctia phuong trinh 1a S = {5°+k180° -55°+k180° |k € Z}.

c. tan®x=1

[tanx =-1
| tan x =1

tan x = tan (—fj
4

tan x = tan =
4

[ V2
X=——+krz
= 4 (keZ)
T
X=—+4kr
4

Vay tap nghiém cta phuong trinh 1a S = {—%4‘ kﬂ';%+ kz|ke Z}.

4x#Z i kz x= Sk
d. Piéu kién xac dinh: 2 ,(k eZ)@ 8 4 ,(k EZ)
V4
2x =k x¢k5

Tacod tandx-cot2x =1

1
cot2x
<:>4X:2X+k7z',(k eZ)

< tandx =

o x= k%,(k e7) (loai)
Vay phuong trinh v6 nghiém.

Vidu?2 » Giai phuong trinh lugng giac: 3—«/§tan(2x—%j:0 Véi —%<x<2§.

Léi giai:

Taco 3—\/§tan(2x—%j=0
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<:>tan(2x—%j=\/§
< tan [Zx—zj:tanz
3 3
IS 2X—Z=£+k7r,(k EZ)
3 3
<:>2X:2?ﬂ-+k7z,(k eZ)

ex=2+kZ (kez)
32

Tz r 7
= 4 3<k< 3 3<:>——<k<z.
4 4 3
2 2
x=_"
. =-1 6
MakeZ= =
=0 o
3

Vay tap nghiém cta phuong trinh 1a S ={

T

)

AL 1s théng gido duc HOCMAI
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o
® Chuong IV: Quan hé song song trong khong gian

o
o

° KIEN THUC TRONG TAM

I. Pwong thang va méit phing trong khéng gian

1. Céc tinh chét thira nhan

C6 6 tinh chat thira nhan:
+ C6 mot va chi mot duong thang di qua hai diém phan biét.
+ C6 mot va chi mot mat phang di qua ba diém khong thang hang.
+ Néu mot duong thang cé hai diém phan biét cuing thudc mot mat phang thi moi diém cua duong
thang déu thuoc mit phang do.
+ C6 bbn diém khong cung thuoc mot mit phang.
+ Néu hai mat phang phan biét c6 mot diém chung thi ching con ¢6 mot diém chung khac nira.
Vay thi: Néu hai mat phang phan biét c6 mot diém chung thi ching c6 mot duong thiang chung di
qua diém chung 4y. Puong thang d6 dugc goi la giao tuyén cua hai mat phang.
+ Trén mdi mit phang cac, két qua da biét trong hinh hoc phing déu ding.

2. Cach xac dinh mit phang

C6 3 cach xac dinh mot mat phang:

+ M3t phang di qua ba diém khdng thiang hang. c
(ABC) I3 ki higu mat phing di qua ba diém khong thing hang A B,C AL .

(h1)

(h1)

+ M3t phang di qua mot diém va mot duong thang khong di qua diém do. Ny
(M, d) laki hiéu mat phing di qua d vadiém M ¢d (h2) - /

(h2)

+ M3t phiang chtra hai duong thang cit nhau.

(d,,d,) 1a ki hi¢u mat phing x4c dinh béi hai duong thang cat nhau d2
d,.d, (h3) A P
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I1. Hai dwong thang song song
1. Vi tri twong ddi cia hai dwong thang trong khong gian
Cho hai dudng thang a va b trong khong gian. Cé cac truong hop sau day xay ra ddi véi a va b :
Truong hop 1: C6 mot miat phang chira ca a va b, khi dé theo két qua tronh hinh hoc phang ta c6 ba
kha nang sau:

+ a va b cét nhau tai diém M | taki hié¢u anb=M .

+ a va b song song véi nhau, ta ki hiéu a/b.

+ a va b trung nhau, ta ki hiéu a=b.
Trudng hop 2: Khdng ¢6 mit phang nao chiraca a va b, khi d6 tanéi a va b 1a hai duong thing
chéo nhau.
2. Cac dinh li va tinh chat
+ Trong khong gian, qua mot diém cho truée khong nam trén duong thang a c6 mot va chi mot
duong thang song song véi a.
+ Néu ba mat phang phan biét d6i mot cit nhau theo ba giao tuyén thi ba giao tuyén dé hoic dong
qui hoac d6i mot song song.

+ Néu hai mat phang phan biét 1an lugt chira hai dudng thang song song thi giao tuyén cua ching
(néu cb) ciing song song véi hai duong thang d6 hoac tring véi mot trong hai duong thang do.

7l |

+ Néu hai dudng thang phan biét ciing song song véi duong thang thi ba thi chiing song song.

I11. Pwong thiang va mat phang song song

1. Vi tri twong ddi ciia dwong thang va mit phang

Cho duong thang d va mat phang (), ta c6 ba vi tri trong doi giita chang la:

+ d va (a) citnhau tai diém M, ki hieu {M} =d " (a) hodc dé don gian ta ki hieu M =d N\(a)
(h1)

hi
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+ d song song véi («), ki hiéu d 7/ («) hoac () /d (h2)

d
h2
+d ndmtrong (&), ki hiéu d = («) (h3)

/ﬂ /
h3

+ Néu duong thang d khong ndm trong mat phang («) va d song song véi d

dudng thang d ' nan trong () thi d song song véi (). /( /
=

dz(a)
Vay d7d" =di(a) h3
d'c(a)

+ Cho dudng thing d song song voi mit phang (). Néu mit phing

(f) diqua d va cat (a) theo giao tuyén d' thi d'/d.
d/(a) 4
Vay dc(ﬂ) =d'/d. d"
(@)n(p)=d’

+ Néu hai mat phang phan biét cing song song voi mot duong thang thi

giao tuyén ctia chung (néu c6) ciing song song v6i dudng thiang do.
(a)nd

Vay <(B) /1 d =d'/d.

(2)n(B)=0d" ’\’
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+ Cho hai duong thiang chéo nhau. C6 duy nhit mot mit phing chua
dudng thang niy va song song v6i dudng thing kia.

IV. Hai mit phiang song song
1. Pinh Iy va tinh chat

+ Néu mat phang («) chira hai duong thang cit nhaua,b va hai
dudng thang nay cling song song véi mét phang (B)thi («) :
c (a) bc (a)

Vay fanb=M = (a) /(). /\/ /
al(pB).bi(p) B

+ Qua mot diém nam ngoai mat phang c6 mot va chi mot mat phang song song véi mit phang di cho.
Hé qua 1: Néu d / (a) thitrong (a) c6 mot dudng thang song song véi d vaqua d co duy nhat

mot mat phang song song véi (a).
Hé qua 2: Hai mat phang phan biét cling song song véi mat phang tha ba thi chiing song song.
Hé qua 3: Cho diém khong nam trén mat phang («).Moi duong -

thang di qua A va song song véi («)déu nan trong mat phang /(( A /
qua A song song vdi (a).

Ag(a),Ae(p) /\/ /
Aed B

d//(a) =dc(p).

(B)1(a)
+ Cho hai mat phing song song. Néu mot mat phiang cat mat phing nay thi ciing cit mat phang kia
va hai giao tuyén dé song song vai nhau.

Vay

By {(a)”(ﬂ) — (8)n(B)=bra.

(6)n(a)=a
Hé qua: Hai mit phang song song chan trén hai cat tuyén song song nhitng doan bang nhau.
2. Pinh Ii Ta-1ét (Thales)
Ba mit phang d6i mot song song chan trén hai cat tuyén bat ki nhitng doan thang twong @ng ti 18.
(@) 1()1(2) o
A(a)=A.d,~(F)=B.d,~(7)=C, :’Q_clzgz—cz'
11 22
d,n(a)=A,,d,n(B)=B,,d,n(x)=C,
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Pinh li Ta-lét (Thales) dao d] 1d
Cho hai duong thang d,,d, chéo nhau va cac diém A,B,,C, trén d,, cac /
As

Y |

!

, 1

diém A,,B,,C, trén d, sao cho ﬂ:ﬂ_ \
BC, B,C,

Lﬁf: do6 cac duong thang AA,,B,B,,C,C, cung song song véi mot mat /4; \\32 /
phang. By ! \
MOT SO DANG BAI THUONG GAP /4: l\\f/

Dang 1. Tim giao diém ciia dwong thang — mat phang

Phwong phap gidi:

Co so ciia phuwong phap tim giao diém | cioa duong thang d va mat phang («) la xét
hai kha nang xay ra:

- Trwong hop 1: (&) chira dudong thing A va A cat duong thang d tai | .

Khidé: | =dnA =1 =dn(a)

I

1
1
/

- Truwong hop 2: (&) khong chira duong thang nao cit d .

+Tim (B)od va (a) N (B)=A;
+Tim | =dNA;

=l=dn(a).
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Vidu 1l > Cho hinh chép ti gidc S.ABCD véi day ABCD c6 céc canh d6i dién khdng song
song véi nhau va M 1a mot diém trén canh SA.

a) Tim giao diém cua duong thang SB véi mat phang (MCD).
b) Tim giao diém cua dudng thang MC va mat phang (SBD).
Loi giai:

a) Trong mat phiang (ABCD), goi E=ABNCD.

Trong (SAB) goi N=SBNEM .

Tacé N e EM C(MCD):> N e(MCD) va N €SB nén
N :SBm(MCD).

b) Trong (ABCD) goi | = ACBD.

Trong (SAC) goi K=MC NSl .

Taco K €Sl =(SBD) va K e MC nén K =MC n(SBD).

Vidu2 > Cho hinh chop tir gidc S.ABCD, M 1a mot diém trén canh SC, N latrén canh BC

. Tim giao diém cta duong thang SD véi mat phang (AMN ).

Loi giai: S
Trong mét phang (ABCD) goi O=ACBD,J=ANNBD.
Trong (SAC) goi 1 =SONAM va K=13NSD.

Taco | e AM (AMN),J e AN < (AMN )

= 1J c(AMN). A
Do d6 K €13 (AMN)= K €(AMN). ° c

Vay K =SD(AMN)
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Dang 2. Chitng minh quan hé song song: dwdng thang — dwong thang,

dwong thang — mat phang, mit phang — mat phiang

Phwong phap gidi:
Ap dung céc tinh chat va dinh ly, hé qua dé chiing minh cac méi quan hé song song giira cac

duong thang va mat phang.
\, J

Vidyl > Cho hinh chép S.ABCD ¢6 day ABCD Ia mot hinh thang véi day 1on AB . Goi
M, N lan Iuot 13 trung diém cua SA va SB.

a) Chung minh MN song song véi CD.

b) Goi P la giao diém cia SC va (ADN), | la giao diém ciia AN va DP. Chang minh SI song
song voi CD.

Loi giai:

a) Tacd MN la duong trung binh ctia tam giac SAB nén
MN // AB .

Lai c6 ABCD la hinhthang = AB // CD.

MN // AB
ay = MN /CD.

CD // AB

b) Trong (ABCD) goi E=ADNBC, trong (SCD) goi
P=SCNEN.

Taco EeADc(ADN) = EN c (AND)= P &(ADN).

Vay P=SC(ADN).

le AN [l e(SAB)
Do I =ANNDP =

Sl =(SAB)(SCD).
1eop |1 e(scpy > ~($AB)N(SCD)
AB c (SAB)
_|CD < (sCD)
Taco =Sl /7CD.
AB / CD
(SAB)N(SCD)=SI
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Vidu 2 > Cho hinh chop S.ABCD c¢6 day ABCD la mét hinh binh hanh. Goi G a trong tam
tam giac SAB, | 1a trung diém cia AB va M 1a diém trén canh AD sao cho

AM :EAD.
3

a) Puong thang di qua M va song song véi AB cit Cl tai N . Ching minh NG /7 (SCD).

b) Chitng minh MG // (SCD).

Lo giai:
,IN B AM 1 1I1G 1
a)TacO) —=—=——==,—==
IC BC AD 3 IS 3
:E=E:>NG//SC,
IC IS

ma SC c (SCD)
= NG /7 (SCD).

b) Goi E 1 giao diém cua IM va CD

M _AM 1M 16
IE AD 3 IE IS

— MG / SE, SE = (SCD)=>GM / (SCD).

Vidu3 > Cho hai hinh vudng ABCD va ABEF & trong hai mat phing phan biét. Trén cac
duong chéo AC va BF lan luot liy cac diém M, N sao cho AM = BN . Cac duong thing song song
v6i AB vEtir M,N lan luot cit AD va AF tai M ' va N'. Chitng minh:

a) (ADF )/ (BCE).
b) (DEF) /(MM 'N'N).

Loi giai:
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. [AD#BC £
a) Taco = AD // (BCE)
BC < (BCE)
AF // BE
Tuong tu = AF //(BCE).
BE — (BCE)
N
AD c (ADF /B
Ma ( ):(ADF)//(BCE).
AF — (ADF)
b) Vi ABCD va (ABEF) la cac hinh vuéng nén P
AC =BF (1).
Tacdé MM '//CD:>M:M (2)
AD AC
NN/ AB = AN _ BN (3)
AF  BF
Tir (1),(2) va (3)ta duge S AN \N s/ DF
AD AF
= DF /(MM 'N'N).
Laico NN'/ AB= NN'/ EF = EF //(MM 'N'N).
DF 7/(MM'N'N
Vay ( ):(DEF)//(MM'N'N).
EF //(MM 'N 'N)
Dang 3. Giao tuyén ciia hai mit phang
( )
Phwong phap giii:
Co s cua phuong phap tim giao tuyén cua hai mat phang () va () can thyc hién:
- Budc 1: Tim hai diém chung A va B cua («) va (8).
- Budc 2: Buong thang AB 1 giao tuyén can tim (AB = (a) N (5)).
. J
Vidul » Cho hinhchép S.ABCD, day ABCD Ia tir gidc c6 céc cap canh déi khang song

song, diém M thudc canh SA. Tim giao tuyén cua cac cap mat phang :

AL pe théng gido duc HOCMAI Téng dai tw vdn: 1900 6933 - Trang | 25 -


http://hocmai.vn/?utm_source=tailieu&utm_medium=tailieu&utm_campaign=homehttp://hocmai.vn/
file:///C:/Users/Loandt/Downloads/hocmai.vn

Hocmai.vn - Hoc chui ddng - Séng tich cuwc

a) (SAC) va (SBD) b) (SAC) va (MBD)
c) (MBC) va (SAD) d) (SAB) va (SCD)
Loi giai:

a) Goi O=AC NBD

Oe ACC(SAC)
OeBD<(SBD) Laico S e(SAC)N(SBD)
= 0 e (SAC)n(SBD)

= SO =(SAC)N(SBD).

b) O= AC ~BD

OeAC C(SAC)
Oe BDC(MBD)

=0 (SAC)n(MBD).
Vi M € (SAC)n(MBD)= OM =(SAC)n(MBD).

F € BC = (MBC)

F €(MBC)(SAD
FcADc (SAD) =(MBC)(SAD)

c) Trong (ABCD) goi F = BCmAD:{
Va M €(MBC)n(SAD)= FM =(MBC)(SAD)

d) Trong (ABCD) goi E=ABACD, taco SE =(SAB)(SCD).

Vidu2 > Cho hinh chép S.ABCD c6 d¢ay ABCD la hinh binh hanh. Tim giao tuyén cua hai
mat phang (SAB) va (SCD).

Loi giai:
AB  (SAB)
CD = (SCD)

AB // CD
S < (SAB)(SCD)

Taco

= (SAB)N(SCD)=d # AB//CD,Sed .

A% Hé théng gido duc HOCMAI Téng dai tw vdn: 1900 6933 -Trang | 26 -


http://hocmai.vn/?utm_source=tailieu&utm_medium=tailieu&utm_campaign=homehttp://hocmai.vn/
file:///C:/Users/Loandt/Downloads/hocmai.vn

Hocmai.vn - Hoc chui ddng - Séng tich cuwc

Dang 4. Bai toan tim thiét dién (thiét dién 1a hinh tao béi cac giao tuyén
ciia mit phana véi khoi da dién)

Phwong phap gidi:

DE x4c dinh thiét dién cua hinh chdp S.AA,...A, cit bsi mit phing («), ta tim giao diém
ctia mat phang («) véi cac duong thang chira cac canh cua hinh chop. Thiét dién la da gidc
c6 dinh 1a c4c giao diém cta () véi hinh chép (va mdi canh caa thiét dién phai 1a mot

doan giao tuyén véi mot mat caa hinh chop).

J

Vidul » Cho hinh chép t& gidc S.ABCD, c6 ddy 1a hinh thang voi AD I day 16n va P 1a

maot diém trén canh SD.

a) Xéc dinh thiét dién cua hinh chép cat boi mat phang (PAB) .

b) Goi M, N lan luot 14 trung diém cua cac canh AB, BC . Xac dinh thiét dién cua hinh chdp cét boi

(MNP).
S

Loi giai:
a) Trong mat phang (ABCD), goi E=ABNCD. ‘\

P
Trong mit phang (SCD) goi Q =SC NEP.

A
Taco E<AB nén EP — (ABP)=> Qe (ABP), do do
B
Q=SC (ABP). | 7
E

Thiét dién la tir gihc ABQP .

b) Trong mat phang (ABCD) goi F,G lan luot Ia c4c giao
diém cua MN véi AD va CD

Trong mat phang (SAD) goi H = SANFP
Trong mat phang (SCD) goi K=SCNPG.

Taco F e MN = F e(MNP) = FP < (MNP) = H & (MNP)
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H e SA
Vay — H = SAN(MNP) Tuong tu K =SCn(MNP).
H e (MNP)

Thiét dién 1a ngii giac MNKPH .

Vidu2 » Chohinhchép S.ABCD, M va N 1a hai diém thudc canh AB va CD, () la

mat phang qua MN va song song vai SA.
a) X4c dinh thiét dién caa hinh chép S.ABCD khi cit bai (a).

b) Tim diéu kién caa MN dé thiét dién 12 mot hinh thang.

Loi giai:

M e (a)m(SAB)
a) Taco 1 (a)/ SA

SAc (SAB)

= (SAB) N (a)=MQ # SA,Q e SB.

Trong (ABCD) goi | = ACAMN A E .
Il e MN C(a') M 4 ‘

{I eACC(SAC):>I e(a)m(SAC) A /

| (SAC)N(a)

(a) /1 SA

SAC(SAC)
:(SAC)m(a)= IP// SA,PeSC

A

Vay

Tir d6 tacd (o) N(SBC)=PQ,(a)n(SAD)=NP.
Thiét dién la t&r giac MNPQ.
b) Tu giac MNPQ la mét hinh thang khi MN # PQ hoac MQ /# NP .

Truong hop 1:

. R _ IMQ /# NP
Néu MQ # NP thitacd = SA// NP
MQ /7 SA

Ma NP < (SCD) = SA/(SCD) (vo Ii).
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Truong hop 2:

Néu MN / PQ thi ta ¢ cac mat phang (ABCD),(«),(SBC) doi mot cat nhau theo ba giao tuyén 1a
MN, BC, PQ nén MN / BC.

MN c(a)
Déo lai néu MN / BCthi {BC = (SBC)
PQ=(a)n(SBC)

= MN // PQ nén tia gidc MNPQ Ia hinh thang.

Vay dé tar gidc MNPQ 14 hinh thang thi diéu kién 1a MN 7 BC .

Vidu3 » Chohinhchép S.ABCD c6 day ABCD la hinh binh hanhva M, N lan luot 13 trung
diém ctia AB,CD . Xac dinh thiét dién cua hinh chop cit béi (o) di qua MN va song song véi mit

phang (SAD).Thiét di¢n 1a hinh gi?

Loi giai:
M e(SAB

Taco E( )m(a) >
(SAB)m(SAD)= SA

\
= (SAB) ()= MK // SA K € SB. “ K
|
|

N e(SCD)n(a)
Tuong tu () // (SAD) A}~ B
(SCD)(SAD)=SD /

= (SCD)(a)=NH /# SD,H € SC . D N C
D& thdy HK =(a)n(SBC). Thiét dién la t giac MNHK

Ba mat phang (ABCD),(SBC) va (&) doi mot cat nhau theo cac giao tuyén 1a MN, HK,BC , ma
MN 7 BC = MN / HK .

Vay thiét dién 1a mot hinh thang .
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Dang 5. Bai toan c6 chira yéu té tinh toan

Phuwong phap gidi:

hoan thanh yéu cau bai toan.

Véi céc bai toan cd chira yéu th tinh todn thuong 1a cac bai toan xac dinh thiét dién, sau do
tinh dién tich hoac chu vi thiét dién (c6 thé tim GTLN — GTNN cua dién tich, chu vi thiét
dién, diéu kién dé thiét dién 1a mot da giac dac biét,...). Chinh vi thé ta can xac dinh dung
thiét dién caa hinh chop va mat phang cit, sau d6 ap dung cac phuong phép tinh toan dé

J

Vidul » Cho hinhchép S.ABCD, c6 ddy la hinh vudng canh a va tam giac SAB déu. Mot

diém M thugc canh BC sao cho BM =x (0<x<a), (a)mat phang di qua M song song véi SA

va SB.
a) Xac dinh thiét dién cua hinh chép cét bsi («).
b) Tinh dién tich thiét dién theo a va x.
Lo giai:
M e (a)m(SBC)
a) Taco <(«)# SB
SB < (SBC)

= ()" (SBC)=MN # SB,N € SC

N & (SAC) (<)
Tuong tu {(a)// SA
SAc (SAC)

= (SAC)n(a)=NI/SA 1 e AC
Trong (ABCD) goi Q=MI nAD, thitaco

Qe (SAD)N(a)
() SA = (SAD)N(a)=QP /# SA,PeSD.
SAc(SAD)

Thiét dién la t&r giac MNPQ.

b) Do MN #$B= == = (1)
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Cl

Laicd IN/SA=D> —=—
CA CS

Ma AB/CD=1IM //CD.

Ba mat phang («),(ABCD) va (SCD) dbi mét cét nhau theo ba giao tuyén la MQ,CD, NP véi
MQ /#/ CD = MQ // NP.

Vay MNPQ Ia hinh thang.

Tacs MN _CM _DQ_PQ
SB CB DA SA

,ma SA=SB=a= MN =PQ. Do d6 MNPQ Ia hinh thang cén.

Tu MN:CM:a_x:MNza—x, P X N
SA CB a
a-X a-X
m=ﬁ:%:>PN:BM:x,
DC SC BC Q X J M
M=C—M:>IM:CM:a—x
AB CB

Goi J 1a trung diém ciia IM thi

NJ =/MNZ - MJ? =\/(a—x)2—(a_xj2 =§(a—x)

1
Suo = NI (MQ+NP) =

3 \/§ 2 2
.7(a—x)(a+x):7(a —X )

Vidu2 » Cho hinh hop ABCD.A'B'C'D’ ¢4 tat ca cac mat déu I1a hinh vudng canh a. Trén
cac canh AB,CC'C'D' AA' Iéy cac diém M,N,P,Q sao cho AM=C'N=C'P=AQ=Xx,

(0<x<a).
a) Chang minh bén diém M, N, P,Q dong phang va MP, NQ cit nhau tai mot diém cé dinh.
b) Chiing minh (MNPQ) di qua mot duong thang c6 dinh.

c) Dung thiét dién cia hinh hop khi cat bei (MNPQ). Tim gia tri 16n nhat va gia tri nhé nhét cta chu
vi thiét dién.

Loi giai:

a) D&thdy PN /CD'va QM # A'B ma A'B/C'D nén PN /#/QM hay M,N,P,Q dong phang.

b) Do PC'MA Ia hinh binh hanh nén MP di qua trung diém O cua AC'.
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= 0¢e(MNPQ).

Mit khac A'B // MQ = (MNPQ) = A'B // (MNPQ).

Goi A 1a duong thang qua O va song song véi A'B thi A ¢b
dinh va A = (MNPQ). Hay (MNPQ) ludn chira dudng thang cé
dinh A.

(MNPQ) 7 (A'BC')= BC'/ (MNPQ) = BC' /# NR

BR C'N
S—=—>
BC CC'

a
5
bao lai x :%, dé dang ching minh dugc (MNPQ) Vi (A' BC )

c) D& thdy A cit BC, A'D' tai cac trung diém R va S cua ching.

Thiét dién 1a luc gidc MPNPSQ. D& thiay luc gidc co6 tam ddi xang 1a O nén
MQ =NP,MR = NS,RN =SQ do d6 chu vi thiét di¢n la: 2p=2(RM +MQ+QS).

Taco MR=QS = a7+(a—x)2 , OM :x\/E:>2p:2{x\/§+21/%2+(a—x)2}
bat f(x)=x 2+«/a2+4(a—x)z;xG[O;a].

Theo Cauchy-Schwarz

\/(az +4(a—x)2)(l2 +12) >a+2(a-x)=,ja’ +4(a—x)" >

3

2

(3a—2x)

ol

Nén f(x)>x 2+i(3a—2x):

N

Vay min(2p)= 3J2a.

. Pang thtic xay ra khi x =%

Mt khéc bang bién doi twong dwong ta co

xv/2 +4/a +4(a—x)’ s\/§a+a<:>(a—x)2[(a—x)2—a2}so dang Vx [0;a].

Ping thuc xay ra khi x =a.
Vay max(2p)=2a(\/§+1).

Nguén: A& Hocmai
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